Abstract: This article presents a numerical framework for the computation of the effective transport properties of solid oxide fuel cells (SOFCs) porous electrodes from three-dimensional (3D) constructions of the microstructure. Realistic models of the 3D microstructure of porous electrodes are first constructed from measured parameters such as porosity and particle size distribution. Then each phase in the model geometries is tessellated with a computational grid. Three different types of grids are considered: Cartesian, octree, and body-fitted/cut-cell with successive levels of surface refinement. Finally, a finite volume method is used to compute the effective transport properties in the three phases (pore, electron, and ion) of the electrode. To validate the numerical approach, results obtained with the finite volume method are compared to those calculated with a random walk simulation for the case of a body-centred cubic lattice of spheres. Then, the influence of the sample size is investigated for random geometries with monosized particle distributions. Finally, effective transport properties are calculated for model geometries with polydisperse particle size distributions similar to those observed in actual SOFC electrodes.
INTRODUCTION
The porous composite anode and cathode electrodes used in solid oxide fuel cells (SOFCs) provide a particular challenge to the engineer who wishes to construct mathematical models at the cell/stack level [1, 2] . It is of great importance, not only to employ wellconstructed microstructures, but also to possess accurate data for effective transport and electro-physical properties of the multi-phase porous systems used in SOFCs. Properties evaluated from such microscale calculations can then be directly employed to perform computations on a continuum level. In addition, parametric studies can be used to optimize porous microstructures (size, shape, distribution, percolation network, etc.) and hence improve the overall performance of the fuel cell. Therefore, this article focuses on the computational techniques used to evaluate effective transport and physical properties for the porous and composite electrode materials used in SOFCs.
It is recognized that the porous materials used in SOFC electrodes and their microstructures affect the cell performance by influencing the transfer rates [3, 4] . Features such as the particle size distributions, composition, porosity, and percolation network can influence parameters such as the total and active triple-phase boundary length, the gassolid internal surface area, the pore size distribution, and transport coefficients. Typically, modelling techniques have employed closure assumptions based on local volume-averaged properties and additionally assumed that the electrodes are homogeneous, relying on semi-empirical correlations [5] [6] [7] [8] [9] [10] to describe the transport of gas and charged species through the porous electrodes. SOFC electrodes have a wide variety of pore sizes and contain highly tortuous networks of solid/pore phases, and the microstructure features may be incorrectly described by some correlations. Experimental techniques [11] [12] [13] [14] have been used to measure effective conductivities and diffusivities; however, performing direct measurements on each sample material, for all possible phase properties and volume fractions, is prohibitive from a time and cost standpoint.
It is important to utilize well-constructed microstructures for random porous anode and cathode electrodes used in SOFCs. The construction of porous heterogeneous media can be based on a mathematical model or statistical correlation [15] [16] [17] [18] [19] [20] [21] [22] . Another useful methodology is the reconstruction of a three-dimensional (3D) geometry using information obtained from a series of two-dimensional (2D) micrograph images of the microstructure followed by data image processing approaches [23] [24] [25] [26] [27] [28] [29] [30] [31] . The medium can, for example, be a random packing of spheres [32] [33] [34] [35] [36] , a dispersion of particles [37] , or a digitized image [17, 25, 38, 39] . Among the numerous approaches to reconstruct random media, the present authors follow the reconstruction work of reference [40] . In the present work, the medium is represented by a dispersion of spherical particles randomly dropped into a domain of specified dimensions. The particles are allowed to roll over others until they either contact three others or touch the bottom of the domain.
The study of the effective transport properties has long been an interesting and challenging problem and it manifests technological importance in heterogeneous materials [41] . The effective properties of the heterogeneous material are determined by averages of local fields derived from the underlying governing equations. Specifically, the effective property is defined by a linear constitutive relation between an average of a generalized local flux and an average of a generalized local (or applied) intensity such as temperature gradient, concentration gradient, electric field, magnetic field, etc. [42] . There are a number of approaches to investigate effective physical properties in the literature [5-10, 24, 31, 43-50] . Among theoretical approaches, Maxwell [9] approximated an expression for the effective conductivity of a dilute dispersion of spheres. In contrast to Maxwell's approach, Bruggeman [6] and Landauer [8] approximated the effective conductivities by solving implicit equations for the effective properties. Archie [5] reproduced an empirical law by further modifying Bruggeman's differential effective-medium estimate [6] . Archie's power law [5] , frequently applied to porous media as used in fuel cell applications, is given as follows
where is the volume (or bond) fraction of a given phase and n is an exponent (1.5 n 4). On the other hand, percolation theory [7, 10] , applied to estimate the effective properties for binary and multicomponent mixtures of particles, obeys the scaling law such that
where c refers to the percolation threshold. Direct measurements of microstructures and subsequent evaluation of effective properties using focused ion beam-scanning electron microscopy (FIB-SEM) [ . The measurable parameters such as the particle size distributions of ceramic powders, the solid volume fraction of lanthanum strontium manganite (LSM) and yttria-stabilized zirconia (YSZ) phases, and the porosity are used as the input parameters to reconstruct the microstructure. Second, three different types of computational grids are considered: Cartesian, non-conforming octree [57, 58] , and unstructured body-fitted/cut-cell [59] [60] [61] . In each case, the grid passes through all three distinct phases (pore, electron, and ion). Note that the grid generation rationale may readily be applied to any imported type of data such as surface computer-aided design (CAD) geometries or volumetric pixel (voxel) maps as inputs. This technique can therefore accommodate surface or volumetric imaging data from FIB-SEM and XCT [23, 24, 26-31, 51-53]. Finally, both the finite volume method (FVM) and the RW method are used to perform calculations of effective transport coefficients of the pore, electron, and ion phases. The FVM code used in this study is MICROFOAM, which is a suitably modified version of the open-source computational fluid dynamics (CFD) code OpenFOAM ® [62] . The effective transport properties can be exploited in cell-level models of SOFCs to simulate transport in the porous electrodes [63] [64] [65] [66] [67] [68] [69] . In addition, the computational grids developed in this work along with the associated reconstructed microstructures can also be used to perform detailed microscopic simulations of SOFCs [3, 20, 70] .
The article is organized as follows. Section 2 briefly describes the geometric construction procedure. In section 3, the numerical methodology, as used in this study, is introduced. Section 4 presents validation of the technique, and also the results of parametric studies on the influence of the microstructure characteristics on effective transport properties. Finally, a summary of results and general conclusion are given in section 5.
SAMPLE STRUCTURE RECONSTRUCTION

Three-dimensional porous structure generation
Porous micro/nano-structures are loose random packings of different types of spherical particles. The size of each type of particle follows a normal distribution. However, any type of particle size distribution can be implemented. The reconstruction procedure used in this study follows the 'drop-and-roll' algorithm given in reference [40] . A particle is randomly dropped into a cubic domain of specified dimensions. The particle is allowed to roll over other particles until it touches either three other particles or the bottom of the domain. The desired volume fraction of the electron and ion phases is enforced by assigning a Fig. 3 Examples of the types of computational grids used in this study: (a) 20 × 20 Cartesian mesh; (b) 120 × 120 Cartesian mesh; (c) octree mesh after first refinement; (d) after third refinement; (e) body-fitted/cut-cell mesh after first refinement; and (f ) after third refinement. Dark grey particles indicate the electron phase whereas light grey particles indicate the ion phase. The white space represents the pore space weighted probability to the particle selection before the particle is dropped. SOFC electrodes undergo particle sintering during fabrication. To capture this effect, the minimum allowable distance between two contacting particles is varied until the desired porosity (the volume fraction of the pore phase) is obtained. This changes the particle-to-particle contact angle allowing for densification of the structure and simulates various degrees of sintering. The contact angle is a function of the size ratio of the contacting particles and varies throughout the structure. The centre co-ordinates, particle diameter, and the contacting (neighbour) particles are obtained for each particle within the domain. The transport coefficients of porous electrodes are modified to account for the tortuous pathway of the transported species. To evaluate the effective transport properties of a microstructural sample, a cubic geometry consisting of randomly placed spheres, as shown in Fig. 1 , is considered. This geometry is designed to reflect the microstructure of a typical air-sprayed electrode fabricated in the laboratory. The geometry is constructed using three cases: a 'monosized' case where the two ceramic powders have a uniform particle size, a 'polydisperse' case for the cathode where the particle size distributions of LSM and YSZ powders are similar to those in the work of reference [40] , and a 'polydisperse' case for the anode where the particle distributions of Ni and YSZ powders are similar to those in the work of reference [51] . Sample particle size distributions are given in Fig. 2 , in the case of polydisperse cathodes.
Grid generation
The geometric properties of the microstructure (e.g. the centre co-ordinates and particle diameters of overlapping spheres) are used as input parameters to construct the computational grids. Three different types of computational grids are considered here.
1. Voxel maps of the three phases (pore, electron and ion) are constructed. The entire region is tessellated into a 3D Cartesian grid, and the electron and ion phases are identified by parsing through the solid (electron and ion) particles. Untagged space is automatically assigned to the pore phase. 2. Using successive h-grid refinement, an octree grid [57, 58] is obtained. The process is reiterated until a satisfactory mesh near the phase interfaces is obtained. 3. Finally, the grid is adapted to the spherical surfaces, and a body-fitted/cut-cell type mesh [59] [60] [61] is obtained from the octree grid.
Thus three distinct types of numerical meshes, Cartesian, octree and body-fitted/cut-cell grids, are considered in this study.
Examples of these three mesh types are shown in Fig. 3 , displayed in 2D for convenience. The reader will note that unconnected or isolated pores/particles are simply removed from the mesh(es). Examples of these are shown in Fig. 1 . It is important to identify these non-percolating regions from the structure as they do not contribute to the solution and may cause divergence while needlessly increasing computational requirements.
METHODOLOGY
Finite volume method
Transport of gas species, ions, and electrons within the three phases of the electrode microstructures is presumed to be dominated by diffusion. For each phase, the governing equation of these diffusive processes can be written as follows
where α is the bulk exchange coefficient, φ is the relevant state variable, and phase is the computational domain. Dirichlet boundary conditions are imposed on the top and bottom surfaces, that is, φ = φ 1 and φ = φ 0 , and symmetry (i.e. zero-flux Neumann) boundary conditions are considered on solid (electron and ion) and pore phase interfaces as well as on the sides of each phase domain, ∂φ/∂n = 0.
Integrating the diffusion equation (3) over the computational cell and transforming the volume integral of the diffusion into a surface integral through the use of the divergence theorem, the discretized form of the governing equation using the FVM is obtained such that
where phase denotes the phase domain, n indicates the unit outward-facing normal vector on the boundary surface ∂ , S f is the outward-pointing face area vector, and subscript f denotes the 'face' of the control volume. The above system is independently solved by the FVM for each phase (i.e. pore, electron, or ion) on the discretized computational grid using MICROFOAM, based on the open-source CFD toolkit OpenFOAM (open field operation and manipulation) [62, 71] .
OpenFOAM is based on a flexible set of efficient modules and is able to facilitate complex multi-physics applications. Meshes from a variety of sources and surface geometries from stereolithography CAD formats can be imported, converted, and manipulated.
The code structure is kept 'open' so users can extend and create their own solvers, libraries, and toolboxes. It is written in the object-oriented C++ programming language. Recently, OpenFOAM has been applied to some fuel cell applications [72] [73] [74] .
The linear algebraic equations may be expressed as a sparse matrix, which has a complex structure requiring indirect addressing and appropriate solvers. Hence, equation (5) expressed over the entire computational domain yields a system in the matrix form of
where the matrix A is a sparse matrix that can be inverted iteratively, f is a forcing vector and is a solution field of linear system. OpenFOAM currently uses the conjugate-gradient method, with incomplete Cholesky preconditioning to solve a symmetric matrix such as equation (6) .
From the solution of equation (6), the effective transport coefficient for gas diffusion (α eff = D eff ), the effective electronic conductivity (α eff = κ eff elec ), and the effective ionic conductivity (α eff = κ eff ion ) can be obtained. The calculation procedure for the effective coefficients can be found in references [47] and [56] . The local flux can be related to the generalized local concentration gradient such that
where q is derived from the calculated solution (φ) of equation (3) . The average (surface-integrated) local flux across the boundary surface of each phase is given as
and hence the effective transport coefficients can be calculated by substituting equation (7) into equation (8) such that
where φ represents the potential difference, L is the selected length of the computational domain, and S denotes the selected boundary surface area of each phase.
RW simulation: mean-square displacement method
The [78] . In the RW simulation, the effective diffusion coefficient of a given phase is computed using the mean-square displacement method. It relies on the basic principles of Brownian motion, as formulated by Einstein [54] (i.e. the irregular molecular movement of gas particles results in a diffusion process). The diffusion coefficient of the gas, α, is related to the mean-square displacement ξ 2 of a large number of gas particles. Therefore, in three dimensions, assuming the particles are spherical
where t is the travel time. In practice, a particle is randomly positioned in the phase domain and allowed to travel randomly during a prescribed amount of time t or until it has traveled a prescribed distance s. Then the displacement ξ between the original location of the particle and its final location is measured. The process is repeated for a large number of particles and the diffusion coefficient is computed from equation (10) . Particles collide with each other as well as with the phase interface (diffuse reflection at the wall). In this work, only the effect of the geometry on effective transport properties is considered (i.e. the number of inter-particle collisions is much larger than the number of collisions with interfaces). This is achieved by ensuring that the mean free path (i.e. the mean distance between inter-particle collisions) is presumed to be much smaller than the characteristic length of the considered phase. In other words, only the bulk diffusion regime is considered. The issue of the diffusion regime for the gas phase in SOFC is addressed in reference [78] . Note that RW simulations are performed in analytical geometries (i.e. continuous geometries for which spherical particles are described by analytical expressions). For the domain size used in this study, boundary conditions do not have a significant impact on the solution, so symmetry boundary conditions are used in agreement with the MICROFOAM calculations.
NUMERICAL RESULTS
Effective properties calculated by the numerical techniques are given below. The microstructures considered in this article are described in Table 1 . The first case considered is an idealized porous medium, namely, a periodic array of a body-centred cubic (BCC) lattice of spheres as shown in Fig. 4 . For this case, the FVM data obtained with MICROFOAM are compared against RW simulations to demonstrate grid independence. Subsequently, a domain size study allows for the determination of the minimum sample domain size: since the domain size influences the results as well, it is important to identify a minimum sample domain size. The domain size study is performed on random porous structures with monosized particles for three different cases. Finally, the effect of the level of grid surface refinement (octree, cut-cell, etc.) on the results is investigated for random porous media with polydisperse particle size distributions available in the literature [40, 51] .
BCC lattice of spheres
In order to validate the methodology, an array of spheres is considered, namely a BCC lattice of spherical particles with equal radii of 0.434. For this case the particles overlap a little (the radial overlap is 0.002), in order to ensure that both solid and pore phases are connected from one end to the other, in a continuous manner. The solid and pore phases are considered separately when calculating the effective transport properties (although this would not necessarily be true when considering, say, effective thermal conductivity). To compare numerical results calculated by MICROFOAM, an RW simulation is also considered. Over 10 million random particles are used to sample RW calculations. Note that based on the central limit theorem [79] , the estimated error of the RW algorithm decreases as a function of 1/ N sample and eventually converges to 0 for a 'large enough' number of samples, that is, N sample → ∞. Continuum RW simulation is considered here only for the 'pore' phase of the BCC lattice of spheres. The RW algorithm for analytical geometries will be extended to solve the electronic and ionic phases in the future. RW simulation results for analytical domain of the BCC lattice of spheres are summarized in Table 2 . With over 10 million random particles, the estimated error of the RW simulation, σ/ N sample , is as small as 0.005 87 per cent. Therefore, the solution from the RW simulation for the analytical domain given in Table 2 is used as a reference solution for the pore phase of the BCC lattice of spheres. In this study, FVM is used on three different computational grids as shown in Fig. 5 , whereas RW simulation is applied to the Cartesian grid and the analytical domain. A comparison of the two numerical models is shown in Fig. 6 for the pore phase domain of the BCC lattice. It can be seen that the FVM results on the body-fitted/cut-cell mesh and the reference solution are in excellent agreement for all quantities, porosity and gas diffusivity. In addition, solutions from the FVM on the body-fitted/cut-cell mesh exhibit much faster convergence to the correct solution than the calculations performed with the other computational grids.
Although both FVM and RW on the Cartesian mesh provide the slowest grid (spatial) convergence, the two different methods are nonetheless in fairly good agreement. Nevertheless, use of the Cartesian grids for both FVM and RW require significantly more computational resources than the FVM performed on both the octree and the body-fitted/cut-cell meshes. Figure 6 (c) shows a comparison of the proposed numerical models for the solid phase domain of the BCC lattice. Again, the FVM performed on either the octree or the Comparison of the proposed numerical models for the BCC lattice of spheres: (a) volume fraction of the pore domain (i.e. porosity of the BCC lattice); (b) effective gas diffusivity of the pore phase; and (c) effective conductivity of the solid phase. The porosity of the BCC lattice of spheres is exactly calculated as pore = 0.315 18 when radii have the value of r = 0.434 based on reference [80] . Note that RW simulation for the analytical domain has been developed only for the pore phase domain [78] . The number of cells for the grid resolution used here-in represents the resolution of Cartesian grid used in the grid-based RW simulation (i.e. RW simulation with Cartesian grid). For each Cartesian grid, the RW simulation uses the fixed number of randomly generated particles for sampling (i.e. N sample = 100 000)
Fig. 7
Monosized particles in a sample domain of (10 μm) 3 : (a) body-fitted grid for electron phase; (b) ion phase; (c) pore phase; (d) FVM solution for electron phase; (e) ion phase; and (f ) pore phase. Note that the isolated particles, coloured in black in (a) and (b), were excluded from the calculations body-fitted/cut-cell meshes provides faster convergence than on the Cartesian grid. It is clearly evident from Fig. 6 that the octree and body-fitted/cut-cell grids are more suitable, for the types of calculation performed in this study, than simple Cartesian grids.
Sample domain size
Three types of sample structures with monosized particles of diameter 1 μm are considered. Domain sizes of 5 μm × 5 μm × 5 μm (5 3 μm 3 ), 10μm × 10 μm × 10 μm (10 3 μm 3 ), and 15 μm × 15 μm × 15 μm (15 3 μm 3 ) are considered. The sample size of microstructures, the solid phase volume composition, porosity, and the randomness of the structures all influence the calculated results. It is clear that the larger the sample structure size (i.e. structures that contain more particles in the domain) the more computational cost. Therefore, the main motivation for a domain size study is to determine the minimum requirement. An example is displayed in Fig. 7 for a monosized particle distribution of domain size 10 3 μm 3 . Figure 8 displays the electronic and ionic conductivities for monosized particles for three sample structures. A total of 20 structures (the number suggested by Kenney et al. [40] ) for each sample electrode are constructed for analysing mean values and standard deviations of effective conductivities. For each case, the average porosity ranged from 0.35 to 0.37. The total solid Table 3 The electronic or ionic phase volume fractions (out of total solids content), mean and standard deviation (stdev), and estimated error (err) for the monosized particle for three sample structures using the body-fitted grids Table 3 summarizes the mean value with one standard deviation and the estimated error as functions of the electronic or ionic phase solid volume fractions for monosized particles for three cases. Increasing the domain size from 5 3 to 10 3 μm 3 changes the solutions by at most 14 per cent when the electronic or ionic phase solid volume fractions are greater than 0.4, whereas increasing the domain size from 10 3 to 15 3 μm 3 changes the transport coefficient ratio κ eff /κ by less than 2.6 per cent. Around the minimum solid volume fraction (i.e. 0.3 V elec /V solid 0.4), the transport coefficient ratio κ eff /κ ele exhibits large variations throughout for all cases considered. However, generally SOFC electrodes possess matrix compositions larger than these limiting cases. Therefore, with the mean particle diameter of 1 μm the sample domain size of 10 3 μm 3 is proposed as the minimum acceptable size for the cases considered here.
SOFC electrodes applications
Two types of sample microstructures with polydisperse particle size distributions are now considered. These correspond to a cathode microstructure of LSM and YSZ powders [43] and an anode microstructure of Ni and YSZ powders [59] . Earlier work [43, 59] was confined to quantification of the geometric properties of the electrodes. The present study extends previous work in terms of obtaining results for the effective transport properties of the cathode and anode reconstructions. 
Cathode construction
To analyse the effects of the morphology of the solid compositions used in the cathode, the solid volume fractions of the electron and ion conducting phases are varied from 0.01 to 0.99 for each one of the following porosity (i.e. = 0.297, 0.348, 0.398). Figure 9 shows the effective conductivity for the electronically conducting phase. Figure 9 (a) shows effective conductivity as a function of the electronic phase solid volume fraction (i.e. V elec /V solid ) in terms of the mean and (one) standard deviation. The effective electronic conductivity increases with decreasing porosity. As is evident from Fig. 9(b) , the effective electronic conductivities compress onto a single curve when presented as a function of the electronically conducting phase total volume fraction (i.e. elec = V elec /V total ). Figure 10 presents the effective conductivity for the ionically conducting phase. Figure 10 (a) shows that the effective ionic conductivity increases with decreasing porosity. The effective ionic conductivity also collapses onto a single curve when considered to be a function of the ion phase volume fraction (i.e. ion = V ion /V total ) as shown in Fig. 10(b) .
Anode construction
Different anode compositions are considered with a solid volume fraction for the electronically conducting phase of 0.47 and the ionically conducting phase of 0.53, and various particle size distributions. The particle size distributions are taken from reference [59] and are summarized in Table 1 . The porosity varies from 0.1 to 0.44 between various cases. Figure 11 shows the effective electronic and ionic conductivity as a The curve fit of the electronically conducting phase differs from that of the ionically conducting phase. The discrepancy comes from the different particle size distributions between electron and ion phases.
Summary of effective transport properties
This section summarizes effective transport properties evaluated for different types of sample structures, as listed in Table 1 . All calculations are performed using the FVM with body-fitted/cut-cell grids. Figures 12(a) and (b) show effective electronic and ionic conductivities for the solid phase and gas diffusivity for the pore phase, respectively. These are to be considered Fig. 12 Effective electronic/ionic conductivity and gas diffusivity: (a) solid (electron and ion) conductivity and (b) gas diffusivity as a function of volume fraction as a function of the relevant phase volume fractions. Figure 12 (b) shows that the effective gas diffusivities for the pore phase can be compressed onto a single curve in terms of the porosity (i.e. = V pore /V total ). However, it is clearly evident from Fig. 12(a) that the same is not true for either electronic or ionic conductivity. Electronic and ionic conductivities depend not only on the volume fraction of the corresponding phase but also on particle size distributions.
CONCLUSION
A numerical technique for calculating effective transport properties within porous microstructures was described and detailed. The method was based on the construction of sample structures with morphology similar to those observed in SOFCs. These were used to perform calculations using FVM and RW simulations. Following construction of the 3D random microstructures, the computational meshes were built. Three types of meshes were considered for performing numerical computations: Cartesian, octree, and body-fitted/cut-cell. A periodic array of BCC lattice of spheres was considered to evaluate the scheme from the perspective of grid resolution. It was found that effective transport properties calculated by both FVM using body-fitted/cut-cell grids and the RW simulation using an analytical domain were in excellent agreement. For a sample domain size study, three sample sizes of the reconstructed microstructures, namely domain sizes of 5 3 , 10 3 , and 15 3 μm 3 , were considered. It was found that the sample domain size should be at least ten times larger than the mean particle diameter in each direction in order to achieve reliable values for effective transport properties. The proposed technique was applied to evaluate the effective properties of anodes and cathodes of typical SOFCs. It was observed that single general fitting curve could not be formulated for the effective electronic and ionic conductivities for the cases considered in this study because the values of conductivities were dependent on the particle size distribution. Nevertheless, it was found that the effective gas diffusivities of the pore phase were collapsed onto a single-common curve fit over a wide range of the particle size distributions.
